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Fourier Analysis

White Light

wewp [INFRARED

Color lights

Signal f‘>

DFT

-
x >

Signals with different frequencies
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Fourier Theory

Any functions or signals = E Asin(0) + Bcos(0)

Fourier
Fourier Series Fourier Transform
s s
Periodic function Aperiodic function
Continuous Discrete Continuous Discrete
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1D Discrete Fourier Transform
Formula

Forward Transform:
from space domain to frequency domain (Fourier Domain)

27
_]_

F(u) - Eﬂx)e

u=0,1,..M

Backward Transform (Inverse Transform):
from space domain to frequency domain (Fourier Domain)

1 & 2
x)=— S F(u)e M
[0 = 2 F@e
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1D Discrete Fourier Transform
Interpretation

Forward Transf F(u) 1 M_lf( ) _,-2”(3’4_")
orwar ransiorm: u))=— X)e
v 2

= M: Number of frequencies that we want to decompose f(x)
into them

* u:1index of decomposed frequencies, u = 1..M-1

* For example, M = §, 1.e., to decompose into 8 components

. . 2
that their frequencies are ?nu ,u=20.7
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1D Discrete Fourier Transform
Interpretation

M frequencies

in a trigonometric circle,
For M = 8:
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1D Discrete Fourier Transform
Interpretation

Fourier transform’s meaning:

F(u)-xEﬂx)e"_ o

F(u) tells that how much frequency component Zﬁ”u contribute

to signal f(x) In the case that F(u) = 0 then there 1s no
frequency u the input signal. Otherwise, 1f the magnitude of

Fu) 1s s1gn1ﬁcantly larger than other frequencies’ then
frequency fw—”u contribute much to the signal, and the shape of

the signal tends to be similar with the shape of frequency ~u
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1D Discrete Fourier Transform
Interpretation

Fourier transform meaning:

/ M

F(u)=x2)f(x)e o

In dot product/ correlation
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1D Discrete Fourier Transform
Interpretation

Fourier transform’s meaning:
] Magnitude spectrum: display the magnitude of Fourier
coefficients among frequency components. This spectrum
can tell how much a frequency contribute to the input signal.

O

AN

<

= ] Phase spectrum: display the phase of Fourier coefficients
E among frequency components. This spectrum shows the
2, contribution in phase.

)

Qv

=

frequency
® o o L o ® o ® >

M- A S S S M Y

8 8 8 8 8 8 8 8
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1D Discrete Fourier Transform
Interpretation

Fourier transform’s meaning:

Consider the following signals
Vi (t) = Cy * sin(2mF t); where, C, and F) are given
in the following table.

1 50 50
2 100 7
3 200 20
4 250 5
5 300 0.5
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1D Discrete Fourier Transform
Interpretation

Fourier transform’s meaning:

Plot of frequency components Plot of some combinations of components
A 80

F=50Hz

50

Combination of all components

40 - — — F=100Hz 60 | Combination of 50Hz and 200Hz
30
40
20
| ! | |'. !
10 20
L @
3 h E
= 0 s 0 M
E 2 \/\
10+ 20k
-20
w0} }
-30
40 50'
_50 1 1 1 1 1 1 1 1 1 ] _80 1 1 1 1 1 1 1 1 1 ]
0 001 002 003 004 005 006 007 008 009 O0- 0 001 002 003 004 005 006 007 008 009 01
Time Time

A combination of only significantly contributed components can
approximate the signal that contains all the components.
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1D Discrete Fourier Transform
Interpretation

Fourier transform’s meaning:

Magnitude Spectrum for 1024 frequency components

3000
2500 |« F, = 50Hz 4
2000 .
- F,=100Hz
2
T 1500 .
(=)
av}
3
1000 - F;=200Hz ]
F,=250Hz
500 .
—— F5;=300Hz
0

0 4 2 3n/4 x Sw/4d  3m2 w4 0
Frequencies

Chapter 03 — Fourier Transform



1D Discrete Fourier Transform

Matrix form

M =1 27

F) =Y f(x)e "

!o Example for M = 4

N N ) "
/, /, /,
g g g g
Kernel Matrix:  _2r  _2r _2r _ox-
e *° e * e * e 4 u=
Py pm,
e ¢ e 4 e 4 e * u=1
VI/4 = 2 2 2 2
Ay _jRmy, w27
e ¢ e 4 e 4 e ¢ u=2
Py pm pmg g
e 4 e 4 e 4 e 4 u=
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1D Discrete Fourier Transform

Matrix form

27 27 27 27
- =20 - =20 - =20 —i=20
e 4 e 4 e e 4 1 1 1 |
27 27 27 27 I Ja
— ;=20 — =2 — =20 - ;=23 —j= . —j3=
e 4 e 4 e 4 e 4 1 e 2 /7 e 2
W, = —
27T 27 27T 271
e et S I —jx _-j2m _-jm
e e e e 1 e e e
27T 27 27 27 a I
- =20 — =23 ~ =6 —j=%9 —j3% . i
e 4 e ¢ e ¢ e ¢ 1l e 2 /7 e 2
1 1 1 1
1 -j -1
1 -1 1 -1
1 5 -1 =
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1D Discrete Fourier Transform

Matrix form
Ml —jz—ﬂux
F(u) = »|f(x)e Y
x=0
l./ Example for M = 4

Vector signal:

.-
0

7=15

-O-
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1D Discrete Fourier Transform

Matrix form

F(u)

||
\'g
P
\a
QN
<

|
S
~

Matrix Vector
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1D Discrete Fourier Transform
Example

Example:

" f(x)={2030;
= M =4:to decompose into 4 frequency components
= x=0,1,2,3

u

&TT
= So, e’m" forms a matrix of W, size of 4x4
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1D Discrete Fourier Transform
Example

f=[2 0 3 0]

|
<
|
ok
<
S W O N
|
ek
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1D Discrete Fourier Transform

Example
E
.gﬁ 5
=
1O ! * | freqllency

7 3x 27

5 @=0) (u=1) @=2) (u=3)
—1 / Magnitude spectrum
F(u) = \

phase

]z"._

o frequenc
® [ Y [ ; q= Y

JT

2

L % ¥
(u=0) (u=1) (@=2) (u=3)
Phase spectrum
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1D Discrete Fourier Transform
Example

Magnitude Spectrum for 4 frequency components Magnitude Spectrum for 8 frequency components
T ‘ T T T ' T T

S S
45t 45
4+ 4
o T o [
3 E
T 25} T 25
2 2
z 5l 2 5l
1.5 1.5
1 1
0.5 [ 0.5 { [
0 0
0 o2 x 3n2 0 o4 2 3w/4 x Sn/4 3n/2 T4
Frequencies Frequencies
F(L=0) =F(l=9 =5

F(l=d2)=F([=342) =1
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1D Discrete Fourier Transform
Example

Magnitude Spectrum for 16 frequency components Magnitude Spectrum for 32 frequency components
5. T T T T T T . T T T T T T T S. lllllllllllll . lllllllllllll T
[ 3 *T e [ 3
45| L L » 1 45| ] ] ] ] i
L L L L
4 - 4 .
35 ] L » * || 35 ] ] ] $ i
3 - 3 -
g g = #* #* #*
T 25 . T 25 .
2 2
> » » » L b ] ] ] ]
2 : 2+ :
1.5 . 1.5 -
1 . 1 -
0.5 [ [ . 0.5 [ [ -
0 0 L
0 4 2 3n/4 x Sw/4 3x2 T4 0 o4 2 3n/4 x S04 3m2 T4 0
Frequencies Frequencies

F(1=0) =F(l=9 =5
F(I=4/2) =F(1=342) =1
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1D Discrete Fourier Transform
Example

Phase Spectrum for 4 frequency components Phase Spectrum for 8 frequency components
ak- ) * - xr L ]
3n/4 -
w4l R
4
2 @
= o O >
o a2k o
a2t
X - T 34}
—x L
O ‘ 1 1 1 1 1 1 1
0 2 x 3n/2 0 o4 2 3n/4 . Sw/4 3n/2 T4
Frequencies Frequencies
F({=0) =F(l[=9 =0 (radian)

F(L= &2) =F([=34/2) = &(or- sthe same value)
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1D Discrete Fourier Transform
Example

Phase Spectrum for 16 frequency components Phase Spectrum for 32 frequency components

T e

2}
w4l —-3w4
- * -ar L
1 1 1 1 1 1 1 1 1 1 1 1 1 1 | 0 [ SN N [N (NN (SO (NN (NN NN NN (U (N U (U (NN N U [N (NN (SN (U U U U U N N U S ——
0 w4 2 w4 x 54 3m2 Twd 0 ~4 %2 34 = 54 32 Tad4 0
Frequencies Frequencies
F({=0) =F(L=9 =0 (radian)

F(L= &2) =F([=34/2) = &(or- sthe same value)
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1D Discrete Fourier Transform

Matrix form
Kernel Matrix:

» 7 7 e
5§ 5 5 5
—i%0 —i%0 —i%o —i%o —i%0 —i%0 —i%0 —i%0

-j—0 -j—1 —-j—2 -j—3 —-j—4 -j—5 -j—6 -j—=17
-]%0 - -1%4 —]%6 —j%S —j%l() -]%12 -1%14
e e e e e e e e u=2
—]%0 i3 —]%6 —]%9 —j%lz —1%15 —]%18 —]%21
W e e e e e e e e u=3
8 —
—]%0 —j%4 -8 AT —j%16 —]%20 _ %24 _i%28
e e e e e e e e
- j%O - j%s - j%lﬂ - j%ls - j%ZO - j%ZS - j%30 - j%35
e e e e e e e e
_ j%ﬂ _ j%6 _ j%lZ _ j%ls _ j%24 _ j%SO _ j%36 _ ]%42
e e e e e e e e
_ j%ﬂ _ j%7 - j%14 _ j%Zl _ j%ZS _ j%35 _ j%42 _ j%49
e e e e e e e e

Chapter 03 — Fourier Transform



1D Discrete Fourier Transform

Matrix form
Kernel Matrix: o . ” .
¥ ¥ 4
1 1 1 1 1 1 1 1 ue
T 3 S 3 T -
1 et e'2 e/t e et g2 % u=1
i3 - -2 - -z
1 e 2 /™ e 2 U g2 o g2 u=2
pro _pm jgx _x s
l e 4 e 2 e 4 7 e 4 e 2 e 4 u=3
Wy = | T o2 i g2 eim mi2m e
S T ¥4 T 3 3
1 e * e 2 e * e et e'2 ¢4
1 e_j%” e e_j% e /" e_j%ﬂ e e_Jg
_E 3 E | _BE R _iE
l e 4 e 2 e 4 7 e * e 2 e ¢
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1D Discrete Fourier Transform

Matrix form
Kernel Matrix:

1 ] ] ] 1 1 1 1

1 2-)) —j =20+j) -1 -L2a-5) ; La+j)

T J 1 -5 -l J
L R I A L R A X ()
8 1 —1 1 -1 1 —1 1 -1

L —2(1-j) -/ La+j) -1 L0-) j -L201+)

1 J -1 -] 1 —J -1 —J

I La+)) j -La+)) -1 -La+p - La-)
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1D Discrete Fourier Transform

Matrix form

Kernel Matrix’s Properties:
1 Symmetric on the main diagonal

u —jz_ﬂ“
d Let Cy =¢€ M
Then
u+% u
u+M u
Cy =Cy

Chapter 03 — Fourier Transform



1D Discrete Fourier Transform
Question

1
2 —
: ) F(u)=W,f
. 4
Signal: /=, =9
6
7
_8_
1. Draw magnitude and phase spectrum for F'(u)

How much does frequency [ =3 &4 contribute to the signal (in magnitude

and in phase)?

Write Matlab/C/CPP function program to compute DFT/FFT.

4. Let M, =256 and M,= 8 be number of frequency into which we decompose,
and F,s5(u) and Fg(u) are Fourier coefficients for those two transforms.
Assume that we already have F',54(u), how can obtain Fg(u) from F',54,(u)?
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2D Discrete Fourier Transform
Formula

Forward transform:

N-1M-

Fun) =3 2 fx.pe”

u=0..M-1 v=0..N-1

Backward transform:
N-1M-1 oW
=Y S Fme T
v=0 u=0

x=0.M-1 y=0..N-1



2D Discrete Fourier Transform

Computation

2

4 M —]2.71(—+

Vy)

F(u,v) =

i\

=<
._.O

=
<

-1

<
I
-
(=
I
O

f (x,y)e

27 27
—j—ux —j—wx

f(x,y)e M oe ¥

J/

1D DFT for rows
N-1 27

EF(u ne v

& /

h'd

1D DFT for columns
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2D Discrete Fourier Transform
Computation

suwnjod 10} 1. Ja d1
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2D Discrete Fourier Transform
Computation

1D DFT for rows

Chapter 03 — Fourier Transform
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2D Discrete Fourier Transform
Computation

** Low frequencies are at four corners
¢ High frequencies are at the center

¢ Low frequencies mean intensities
inside the input images have small
variation. For example, perfectly
smooth 1mage has only one
frequency, 0 radian.
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2D Discrete Fourier Transform
Computation

** Low frequencies are at four corners
¢ High frequencies are at the center

“* High frequencies mean the image
has a large variation. For example,
images have high variation around
their edges.
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2D Discrete Fourier Transform
Computation

“* DFT are periodic on both of
horizontal and vertical directions, as
shown 1n the next slide

¢ So, SHIFT (or swap) the diagonal
direction to place low frequencies at
the center of spectrum.

* Why shift? Coefficients (or
contribution) of low frequencies are
usually significant larger than high
frequencies’
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Fourier Transform property (1)

-N/2 0 N/2 N 2N

12 ‘ | (*: conjugate)
0 ' ALY ' >
| . 1=4"
e 12
N/2 2=3"
34
N - *
F(M,V) = F(—M,—V)
2N A
vy

Fuvy=Fu+M,v)=Fu,v+N)=F(u+M,v+N)
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2D Discrete Fourier Transform

Computation

Input Image A 1D DFT for rows of the input image !

3 1

8 . \

é ' (Enhanced by Gamma, [Jj0.1)

[~

o

A

DFT for|columns
Shift
Enhanced by (1+ Log) ’
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2D Discrete Fourier Transform
Computation

N 1D DFT for rows of the input image -

z y

= » I

5 ’ ”1 (Enhanced by Gamma, [Jj0.1)
= i

- i

DFT forlcolumns
Enhanced by (1+ Log)
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2D Discrete Fourier Transform
omputation

Phase spectrum(SHIFTED)

Input Image

Phase spectrum(SHIFTED)

5
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Fast Fourier Transform
Computation

2TT

Letw=¢e '™ .
If M = 2N (even, actually M = 2%), then:

Fu) =3 f(xw

N-1

N-1
=) fQ0)WT+ Y f(2x+Dw
x=0

=0

s
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Fast Fourier Transform

Computation
27T 27T
— j——2ux —J—u(2x+1)
2 J 2x+1
Wﬁ}x —e 2N WZ(x+)=e 2N
—jz—”ux —j%(2ux+u)
=e N =¢
ux 27T 2
=W, —Jj—ux -—j——u
—e N g 2N
A, A,
=e Mg
u ux
Wiy Wy
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Fast Fourier Transform
Computation
M-1

Fu) =Y f(x)w]

x=0
N-1

Ef(Zx)wuzx Ef(2x+1)wu(2x+l)

N-1

Ef(2x)w +W, Ef(2x+1)w

) )
h'd '

evenl( u) F odd 1” )

u=0.M-1 u=0.N-1 u=0..N-1
—0..2N-1
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Fast Fourier Transform
Computation

27

— = (u+N)
u+ N Jo g ut
w, = =e N
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Fast Fourier Transform
Computation

F(u) = F, @)+ wy F(w) Ju=0.(N-1)
= | F._w-w,F (u) |u=N.2M-1)

even
-
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DIT-FFT (Scalable) (1)

2-point FFT
butterfly

d—» 2—p0int [, atb aT atb
b LT oy b—L s ab

4-point FFT ! !

weight: butterfly

L, ’ F(0
f0) —— 2-point| | :\v ©)
f(2) —| FFT L, N F(1)

: 0

- : F(Q2
) ——{2point[ T, %\ )
f3) — FFT |+ Wi i/  \ F(3)

: -1
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DIT-FFT (Scalable) (2)

8-point FFT
: weight butterfly

f(0) — = — 47—% F(0)
f(4) —— 4-point :é E > \ > > F(D)
) — S o
f(6) —— . F@)
) — LW o
f5) ——1 4-point i - 8| e
iy FFT Wy V; / / §\\ — e
f(7) —— W —> / — \ ——— F()
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Fast Fourier Transform (DIT-FFT)

8-point FFT Direct calculation = N? FFT = Nlog,N
f(0) > > —» — F(0)
f4) > > — > \ F(1)
/) > V:§<>< F(2)

f(6) > F(3)

F(4)

F(5)

f() >

fS3) > F(6)

S > F(7)

X
X
X
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Fast Fourier Transform

Computational Complexity:

Discrete Fourier Transform 2>  O(N?)
Fast Fourier Transform =2 O(Nlog N)

Remember: The Fast Fourier Transform is just a faster algorithm

for computing the Discrete Fourier Transform — 1t does not
produce a different result.
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Processing Time (DFT vs FFT)

1e+011 F T T T T T
1e+010 - A
1e+009 3
g : )
© 1e+008 ¢ :
© Z |
2 1e+007 .;
o a0 A S s S g L Qe o ]
Drdes00B | 2 0 TleEESR TG s e ]
) 2N Es SRR ASRG TN R e A L
Q _ L s ]
€ 10000f - - g
z R S R S ]
10000 St :
1000 F .o i direct calculation p
- o
100 1 1 | 1 1
8 16 32 64 128 256 512
N
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Relationship between Convolution and DFT

S y)*h(x, y) < F(u,v)H(u,v)

1 M-1N-1
g(xay)=f(x9y)*h(xay)=— f(man)h(x_may_n)
Mvm=0n=0
M-1N-1 _j27rux _jZJm{y
DFT[g(x,y)]=G(u,v) = g, YWy, Wy Wy=e M ;Wi=e V
y=0 x=0
M-1N-1 N-1

_ [LMIE F(myn)h(x = m, y - n)]W“"WW

f(m ”l)h(x m,y — n)]W’” W W(X—m)uW]\(/y—n)v

>_;

1 M-1N-1 M-1N- ( | .
f(m n)Wmuan h(x —m,y - n)W x—m uW y-n)v
MN [m O; =0 x=0 M N

= MLN F(u,v)H(u,v)

‘<:

IDFT[MLN F(u,V)H(u,V)} - g(5,9) = £, ) *h(x, )
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Comparison of Convolution and FFT

Convolution FFT
Computational Process Simple Complex with many steps
Number of Multiplications N2 < N? (log, N)

N x N -> image size

n xn -> filter window size
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Number of Multiplication (FFT vs Convolution)

100000000
80000000 - o FET
60000000 —— Convolution (n=3)
Convolution (n=95)
40000000 / Convolution (n=7)
20000000 —s— COHVO|Uti0n (n=9)
/ &
O ———= ——
25 512 1024
- FFT 524288 2359296 10485760
—=— Convolution 589824 2359296 9437184
(n=3)
Convolution| 1638400 6553600 26214400
(n=9)
Convolution| 3211264 12845056 51380224
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Filtering in Frequency Domain

f(x,) F(u,v)H(u,v)
fY) Shify JoFT Y TH ) | IDFT
Sty .
(-1) g'(x,)
Shift
F(u,v)=a+ jb (-1)*
_ g +p2/ tan”'(b/a)
Y \ g(x.y)

g(x,y)=d +/é
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Fourier Transform Applications:
Image Enhancement and Restoration

Digital Image Better quality
from sensor Image
Too dark, Too brlght or No/ \
Pixel (Spatial Domain) Frequency Domain

1/p

g

Frequency Transform

A

Adjust freq. coefficient ‘ Inverse Transform

S
o/p




F
| Low Pass Filter (ILP
I dea

ke
|'|}H|

-
=
=

S T —
| i"e{ ‘Z~‘ 60
2 s — ke
| ..#..f.%..:
s T
’ i ,.....,......‘. 10 9
| | | == s =
[ " [ 0
= v
—— R 0
2 — | u 222 2
& — R =
||
2 2
2 s ...&%&1%’«.”'
0. .'##"’""‘.’."*::.’.".’.'.’:.:’.’
L2t 2R —— o 22
== R 2 ST
— ST .........,...%.....
s R S T S =

~..~..4'...~§.....~’..~.... ——

r(u,V) 7o

H(u,v)

~N/2)
)= =M /2 +(v-N
r(u,v) =

—

form
03 —Fourier Trans
Chapter



ILPF results

P
Il
()

Original image

o

ey

e
T~ ®
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ILPF ripple effects

DFT

Original image [{(x,y)] F(u,v) H(lll,V) G(u,v)=F(u,v) H(u,v)

LL f*h

Inverse DFT Jd__ -

1 =
0.8
06 B £ R o

*Jp = DFT[FH

04r AN 272 = nverse
" Ve .

0 %;:5?’?"';"’""""-/4!!!‘- RS 15
-0.2 z: -10
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Butterworth Low Pass Filter (BLPF)

1
1+ [ v) 5

H(u,v)

F(u,v) =~/(u=M/2)* +(v=N/2)
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BLPF results

Original image
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Gaussian Low Pass Filter (GLPF)

H(u,v)

N\
i
//7’”\‘\
i
A

N

H(u V) _ e—rz(u,v)/Zro2
5

r(u,v) =\/(u—M/2)2 +(v=N/2)
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GLPF results

a |

Original image
|l||||||| oo

_aaaaaaaa

| ".’a r, =15 coe a 7, =30
I {1117

sanaaaa 'aaaaaaad
..-...-. ...-..-.
Jn.o a r =80 oo.o a ""t' N =230
I I -
i-aaaaaaa aaaaaaaa

Chapter 03 — Fourier Transform



Applications of Low Pass Filter

Historically, certain computer
programs were written using
oniy two digits rather than
four tc define the applicable
year, Accordingly, the
company's software may
recognize a date using "00"
as 1900 rather than the yEar
2000. A

€a

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00" |
as 1900 rather than the ygear |
2000. o

[amm— -

Character recognition

Picture Studio Decoration
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|deal High Pass Filter (IHPF)

0 r(u,v)=<r,

Hw,v) = 1 r(u,v) > r,

Fu,v) =J(u=M/2) +(v=N/2)

Hiu,v)
—( 1.0r

| D{u,v)
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IHPF results

20000

d

™~ o .
: R AL
. o~ s
! ;
T
. -
R e TN
oo Sy
A AN,
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Butterworth High Pass Filter (BHPF)

D, v)

H(u,v)

B 1+[7 [ r(u,v)T"

r(u,v) =\/(u—M/2)2 +(v=-N/2)
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BHPF results
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Gaussian High Pass Filter (GHPF)

D(u, v)

H(u, V) _ 1 . e—rz(u,v)/2r02

P(u,v) =/(u=M/2)* +(v—N/2)
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GHPF results

WU WOL TS IIREPR

: 69

Slide
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Laplacian Filter (Second-order Filter)

h(x.y)
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Laplacian Filter results

Laplacian
filter

&

Laplacian filtered
image

&2

g(x,y) = f(x,») -V f(x,y)

Original image
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High Frequency Emphasis Filter

th (u9 V)

&

BHPF

@ H, (u,v)=a+bH, (u,v)

- Histogram
equalization |
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Band Reject Filter (BRF)

1 r(u,v)<r0—¥
H(u,v) =30 ; i@—%sr(u,v)sro+%
1 r(u,v)>r0+¥

Butterworth BRF Gaussian BRF
Hiwy) = —— g
1+ rz(u,V).BVIZ H(u,V) — 1 _e u,v).
r (M,V) - I/E)
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BRF results

DFT

Inverse DFT
F(u,v)H(u,v)
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Band Pass Filter (BPF)

HBP(uav) =1 BR (M,V)

DFT

Inverse DFT
F(u,v)H(u,v)

Chapter 03 — Fourier Transform



