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Homogenous system

Rotation Matrix

Consider Point P(x,y). )‘/
In Homogenous space: P’ {x, y)
X =T oS @
y=rsinQ r P, y)
w=1 g r ,
¢ X

Rotate P(X,y) an positive angle () around the origin, to Point
P’(x’, y’). In Homogenous space:

X =rcos(0+ Q)

y' =rsin(0+ 0)

w’ =1
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Homogenous system
Rotation Matrix

4
Point P’(x’,y"): A P’{x, y)
x' =rcos(¢+6) .
= r[cos@cos @ —sin ¢sin ] 9 7 Pl y)
=Xxcosf - ysinf ¢ -y
Y =rsin(¢+0)
= r[cos¢@sinf +sin ¢ cos ]
= xsiné + ycosf
w =1
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Homogenous system
Rotation Matrix

Known form of the transform matrix: 'all a,, a,
M = dy dy Ay

_331 d;; diy |

And, two points P and P’: (X X

The transformation: P = M .P i l |

=dxX+4a,y+a;

g /!
X
/
:> 1Y =d4dyX+a,y+d,
1

=dy X +4;) +ads;
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Homogenous system
Rotation Matrix

Identity:
(X' =a,x+a.y+a,
Iy =a,x+0, y+a,,
Ll = Ay X+ a5 )Y+ ds;
Rotation matrix:

=XxCcost—y

=xsmnb+y

=1

'cosf -sinfd O

M, =|sinf cosf 0

0
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Homogenous system
Translation Matrix

Identity:
-/
X =a,x+a,y+a, =x+dx
/
1V TadyXxta,)y+ =)+
1l =a,x+a,y+a,, =

Translation matrix:

1 0 dx
M,.=(0 1 dy
0 0 1
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Homogenous system

Scaling Matrix
Identity: .
x =ax+a,y+a, =5x
1Y =a,x+any+a,; =5y
1l =ay,x+a,y+a,;,; =1
Scaling matrix:
S, 0 O
M.,=10 Sy 0
0 0 1
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Homogenous system
Shearing

X+ ycotd
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Homogenous system

Shearing
Identity:
X' =a,x+a,y+a, =x+ycotl
1Y =a,x+ s =
1l =a,x+a,y+a,;,; =1

Shearing (along x-direction) matrix:

'] cotd O]
M. =10 | 0
0 0 1
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Homogenous system

Shearing
Y
X' =x
ly" =xcotg+y
w =1
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Homogenous system

Shearing
Identity:
X' =a,x+a,y+a, =X
1y =a,x+a,y+a,, =xcotg+y
1l =a,x+a,y+a,;,; =1

Shearing (along y-direction) matrix:

1 1 0O
Mg, =|cotg 1 0
0 0 1
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Homogenous system

Shearing

Shearing (along x and y-direction) matrix:

M SH — M SHyM SHx

1 0 O][1l cotfd O
=(cot¢g 1 Of]|0 1 0
0O O 1|]({0 O

1 cotd/ 0]
=[cotg 1+cotgcotd O
0 0 1
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Homogenous system

Affine transform

S_callng: _ Translation:
g, 1 0 dx]
M,=|0 Sy 0 1o 1 a
M
Rotation: Shearing:
‘cosd —sinf O] a b 0]
M, =|sinf cosf O g=|c d 0
0 0 1 0O 0 1
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Homogenous system

Projective transform
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Projective transform

Estimation
/
P = M ProjectiveP
i dyp Az || X L X+a,y+a;
/
Po=la, ay ay ||y @ ay X +ay,y+1
43 Ay 1 | _1_ §> V| = Ay X +dy)Y+a,
a,x+a,y+a, i a,x+a,y+1
= Ay X+ ay)Y T dy, - I
_ a,x+a,y+1 |
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Projective transform

Estimation
Y = ax+da,y+a;
a, x+a,y+1
yr _ Gt +4a,y+da,,
a,x+a,y+1
- !
xla,x+ay,y+1] =a,x+a,y+a,
3 /
Y layx +ay,y +1] =d) X+a,,) +0a,
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Projective transform

Estimation

Rearrange terms:
r / / /
QX T4,y +a; 43 XX —dp Xy =X

/ / /
(X T AV T Ay — Ay XY =AY =Y

Insert some dummy terms:

! ! !
ax + a,y + a, + a,.0 + a,0 +a,0 —a,xx —a,xy =x
/ / !/
a,-0 + a,0+ a,0+ a,x + a,y +a, -—ayxy —a,)yy =Y
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Projective transform

Estimation

Matrix Form:

x y I 00 0 xx xy]|a, x'
0 00 x y I x w '

a;;: variables
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Projective transform

Estimation

To find the value for 8 variables (a;;), need to formulate at least 8
equations.

1.e., need at least four pairs of mapping points:

(B3, ). Bl p))s

<f)2()€2,y2)9 %,(x;’y;)>’
<P3(x3,y3), B)’(x;’yf;»’
(

P (x,,¥,), Btr(x;ay;»»
... maybe many more ...
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Projective transform

Estimation

for N pairs:

Pair 1

Pair 2:

Pair 3:

Pair 4:

Additional pair:

M

Va

V3

Va

S = o == -

2Nx8

3%

Y

_—,e = o = OO = O
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Projective transtform

Estimation
Matrix form: o
A x
8x2N 2Nx8
A A«
8x8
(AT A) y

8x1 2Nx1

h = b
8x1 8x2N 2Nx1
h = A" b
8x1 8x1

h - (ATh)
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Projective transtform

Estimation
Solution: h = (ATA) _IAT b
h =(A)%
Matlab: h — A \b
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Implementation of a transformation

Implementation
Forward Mapping Backward Mapping
(Holy effect)
Zero-Order Bilinear Cubic
Interpolation Interpolation Interpolation
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Forward mapping

(x,y)

i

Transform

(x,y")
integer

X 5
/ Wil e
@
f(x’ ,y) g(xl, yl)
x, y real X', ' integer

P'=M.P

g(round (x"),round(y')) = f(x,y)
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Forward mapping

(x,y)

i

Transform

(x,y")
integer

X %
2
A Pl e
y @
Ax, ») gx', y")
x, y real x', ' integer

For each pixel P
Compute P'= M. P

g(round(x’), round(y’))
=f(x.)

Endfor
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Forward mapping

Example

(a)

J(x,p)
Rotate f(x,y) an positive angle 25°
c0s25° -sin25° 0]
M, =|smn25" cos25° O
0 0 1

g(x',y'")

AIVP — Geometric Transform

Slide | 27



Backward mapping

...........

V) I(pr/l)

fx, )

x, y real

P=M7"'P

backward
mapping

Y

7 177 e
(

!

B

g(x', »")

x4y integer .

g(x', y') = interpolation f(x,, y,)]
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Backward mapping

X backward X'
[ mapping

N

Ax, ) g(x', ")
x, y real x', ' integer

For cach pixel P’
Compute P= M. P’
g’ y) =

interpolationf[f(x,,y,)]

Endfor
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Backward mapping

Inverse transtform

Scaling
L0 0
Sx
1
M,=l0 — 0
Sy
0 0 1
Rotation:

[ cosd sinfd O]
M, =|-sinf cos@ 0
0 0 1
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Translation:
1 0 —dx]
=10 1 -=dy

0 0 1

Shearing:

SH —

‘a b O]
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Backward mapping

Zero-order mterpolation

(x.y’) X backward X
5 l mapping

i I ‘l///—\
T foom | Vb A
ranIorm Yy ng\l - \

(x.y) ‘
real

i fx, ) gx', y")

x, y real x', y' integer

Round(x)
Round(y)

i g(x',y") = flround(x),round(y)]

(X,y)
integer
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Backward mapping

Bilinear interpolation

(x.y’) backward x'
l mapping
Transform )/\\
' z
rea Ax =x-Xx,
i £19) ]
(Xo:¥o) x', y' integer Ay =V=)
x,=floor(x)
y0=floor(y)
First-irder g(X',y') = f(XO’yO) + [f(nyO) - f(xmyo)]Ax
Interpolation " [f(x() : yl) _ f(xo , yo)]Ay
l +[f(x,0)+ (X, ) = f (X0, ) = [ (%, ) JAXAy
a(x’,y’)
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Backward mapping

Cubic interpolation

X backward X
(x.y’) } ‘ ’ y mapping
| (%01 Yo7V
Transform o ’ Q y \ Ax = x — X,
l (xwyob leﬂyl)
A Ay =y -,
(x.y) 53]
real Ax, ) g, ")
l x, y real x', y' integer
(X0:Yo) 2 2
x,=floor(x) g(X',y') = E Ef(xo +m,), +n)R(m —AX)R(Ay—I’l)
yo=floor(y) m=-ln=-1
e ROK) = L[PG +2)° = 4P(k + 1) ~4P(k = 1)’ + 6P(K)']

| e
|

a(x’,y’)
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Backward mapping

Example: zero-order interpolation

Scaling
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Backward mapping

Example: bilinear interpolation
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Backward mapping

Example: cubic interpolation

Scaling
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Processing in frequency domain

Image
f(x,y) — .‘ 8
i - ) >
Up-Sampling Original

i Up-Sampling

DFT

i LPF

LPF

' o

IDFT B e ?; |

| IDFT B |

g(xy') / > // BLPF
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Processing 1n frequency domain

Sub-sampling

b B

Original Reduced Image
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Processing in frequency domain

e _-__II_II_Imlo?II

X,y = e
DFT T’T’I’I‘I‘ﬁ’l’ﬁ‘ I’

1_1_1_1 rrrrrr
T T T TeEgE @a

i - N TW’W’I—’F'W 5 e
- Original

> 3 e
Sub-

Sampling

a(xLy’)
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Polar Transform

=

\/x2+y2

tan™ Y

X

120° —

135° A0 L

60°

— . 45

225° . T

| — - ___,.-""',." 21 50

— 300°
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Polar Transform

Example
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